The Lagrange-Galerkin spectral element method for the two-dimensional shallow water equations is presented. The equations are written in conservation form and the domains are discretized using quadrilateral elements.
INTRODUCTION
The advection terms in the governing equations of fluid motion present formidable chMlenges to many spatial discretization methods, including Galerkin methods. These terms prevent; the operator from being self-~ljoint and as a result, Galerkin methods are no longer optimM for the spatial discretization. Researchers have tried circumventing this problem by using high-order
The spectral element method combines the benefits extracted from both the spectral method and the finite-element method. It combines the high-order accuracy of the spectral method with the geometric flexibility of the finite-element method. This method offers high accuracy solutions and spectral convergence (provided the solution is smooth) but at the price of having to use small time steps (due to the explicit solvers typically used) and structured grids (due to the restriction that the elements be quadrilaterals). Recently, Giraldo [3] showed how to increase the time step by combining the strong Lagrange-Galerkin method with the spectral element method.
In contrast, there exists a multitude of characteristic-based methods. These methods combine standard spatial discretization methods (such as the finite-element method) with the method of characteristics. By integrating the equations in time along the characteristics, the resulting spatial operator becomes self-adjoint which then justifies the use of Gaterkin spatial discretizations. Below, we discuss the characteristic-based methods that are explored in this paper and those that are related to the methods that we shall use.
In the strong Lagrange-Galerkin method the time derivative and the advection terms are combined into the Lagrangian derivative and the resulting operator is then discretized using the standard finite-element method. This is the approach used by Bercovier and Pironneau [4] , Bermejo [5] , Douglas and Russell [6] , and Priestley [7] , for example. In this method, the basis functions are the typical Lagrange polynomials used in the standard finite-element method which are only dependent on the spatial coordinates. The success of this method hinges on determining (interpolating) the values at the feet of the characteristics.
Related to this method are the semi-Lagrangian [8] , characteristic~Galerkin [9] , and Taylor-Galerkin methods [10] . The semi-Lagrangian method is essentially the strong Lagrange-Galerkin method with the exception that the spatial discretization is achieved through finite differencing; this method is quite ubiquitous in the meteorology community.
The characteristic-Galerkin method avoids interpolations by using Taylor series expansions to approximate the values at the feet of the characteristics. Therefore, the computations all take place in terms of the Eulerian grid which eliminates the difficulties of the Lagrangian grid but at the expense of having to use smaller time steps due to the stricter stability restrictions which govern all Eulerian methods.
Taylor-Galerkin methods are essentially Lax-Wendroff schemes designed for finite element spatial discretizations and are quite similar to characteristic-Galerkin methods. In fact, they can be shown to be equivalent for scalar equations [11] .
The weak Lagrange-Galerkin method, on the other hand, uses basis functions which are dependent on both space and time by forcing the basis functions to vanish along the adjoint of the transport operator (the transport operator referring to a homogeneous conservation law); this results in the basis functions vanishing along the characteristics. Using the conservation form of the governing equations simplifies the resulting discretization by introducing the Reynolds' transport theorem [121 which then eliminates the boundary terms arising from the integration by parts used to obtain the adjoint of the transport operator. This is the method introduced by Benque et al. [13, 14] .
Lagrange-Galerkin methods have increased in popularity in the last ten years because they offer increased accuracy and efficiency by virtue of their independence on the CFL condition; however, almost all research has involved the strong method as opposed to the weak method. Currently, the only applications (of which this author is aware of) using the weak method or variations thereof are the following: advection [!3,15], shallow water on the plane [15, 16] , Navier-Stokes [14] , and shallow water on the sphere [17, 18] .
In this paper, we show how to combine the Lagrange-Galerkin methods with the spectral element method. This paper builds on our previous paper [3] in which we showed theoretically how to combine the strong Lagrange-Galerkin and the spectral element methods. In this paper, we combine both the strong and weak Lagrange-Galerkin methods with the spectral element method and apply these schemes to the two-dimensional shallow water equations.
SHALLOW WATER EQUATIONS
The two-dimensional shallow water equations in conservation form are (1)
The equations are solved for the three conservation variables ~, ~u, and ~v. Before proceeding to the discretization of the weak Lagrange-Galerkin method, let us first look at the discretization obtained by an Eulerian method. This will serve both for contrast and also because we require one Eulerian time step before using the Lagrange-Galerkin methods.
SPECTRAL ELEMENT METHOD

Basis Functions
The conservation variables belong to the following spaces: 
where i = 1,..., p2 and j, k = 1,..., P. The integer P denotes the number of Legendre-Gauss-Lobatto (LGL) points in each direction (( and rl), and is equal to P = p + 1, where p denotes the polynomial order of the Legendre cardinal functions.
The one-dimensional Legendre cardinal functions are defined as
(1 -(2) L;(() hi(() = p(p + 1)Lp((i)(( -(i)' (5) where Lp is the pth-order Legendre polynomial and Lp is its derivative, and the mapping from physical space to computational space is achieved by the transformation
X2 --Xl where Xl and x2 are the physical coordinates defining the spectral element. But, in order to keep the algorithms as general as possible, it is best to construct the one-dimensional basis functions and their derivatives in the following form: where the ({, (j, (k are the permutations of the collocation points. The reason why it is best to write the cardinal functions in this form is that we may not always write the functions as functions of the Gauss-Lobatto points. In Lagrange-Galerkin methods, we need to compute the values of the unknown variables at the feet of the characteristics and since we shall use the basis functions for these interpolations, it is best to define these Cardinal functions in a general form.
The recurrence relation for Legendre polynomials is given by 
which means that they will be the roots of the numerator in (5); these points are the Gauss-Lobatto points. The roots of (9) can be obtained by Newton's method. Taking a Taylor series expansion with respect to ( and rearranging, we get the following iterative relation:
(1 -(2) L~(() j = 0,...,p,
which has the following corresponding Gauss-Lobatto quadrature weights:
By using equations (5)-(10), we can automatically generate any order set of Legendre cardinal basis functions along with their associated collocation points and Gauss-Lobatto integration weights. The coordinates within an element are approximated by the basis functions as where P = p + 1 represents the number of grid points in the { and 7 directions. The remainder of the derivatives are obtained following the same procedure.
Integrals
To keep the algorithm as general and as automatic as possible, we evaluate the integrals numerically. Therefore, as you will see, the mass matrix can be evaluated as Q2 q=l where Q represents the number of Legendre-Gauss-Lobatto quadrature points in the ~ and .r~ directions and J is the Jacobian of the mapping from physical to computational space and is given by
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You will note that the mass matrix only contains polynomials of the order 2p in each direction. However, this is not the maximum polynomial order contained in the equations. The Coriolis matrix Fij contains polynomials of the order 3p and so we require at least Q = 3(19 + l)/2 quadrature points. These quadrature rules guarantee the exact integration of all of the matrices in the equations.
EULER-GALERKIN METHOD
Beginning with (2), we can define an Eulerian finite-element method by taking the weak tbrm This scheme is required for the first time step because, as you will see, Lagrange-Galerkin methods require the variables to be known at two time levels before they can be used. Alternatively, we can also derive a second-order leapfrog scheme as follows:
This scheme is used to obtain the time step used for comparison in the time step ratio a in (22) in the results section.
STRONG LAGRANGE-GALERKIN METHOD
Spatial Discretization
In order to arrive at the strong form of (2) we first need to expand the divergence term 
where dx
dt is used to obtain the particle trajectories. Equation (13) is solved using the Runge-Kutta method presented in [15] .
Time Discretization
A strong Lagrange-Galerkin spectral element method was introduced in our previous paper i3]. This method proved to be extremely accurate and stable. The time discretization implemented in that scheme was the 0 algorithm. Let us apply this time discretization method to the shallow water equations. Integrating (12) in time by the 0 algorithm yields Sa,,,+l (~q°~+l) dfl"+l = ~,,+, (~q°~) driP+' (,14) which represents a two-time level scheme and gives the forward Euler, trapezoid rule, and backward Euler for 0 = 0, 1/2, 1, respectively. The scheme 0 = 1/2 yields a second-order accurate scheme and is unconditionally stable with respect to pure advection. The other two schemes are both first order and the 0 = 0 is only conditionally stable while the 0 = 1 is too diffusive. Let us now see what the element equations would look like using this formulation.
Element Equations
Returning to (14) and substituting the conservation variables from (3) where
which represents not only a strongly coupled system but also a nonlinear system. We can also see that for divergence free flow (DQ = 0) the mass equation becomes linear. Case 1 represents this type of flow and so we will not encounter any nonlinearities in Case 1 and we could then use the 8 algorithm.
However, for divergent flow we have nonlinearities and in order to avoid them we replace the 6' algorithm with the leap frog scheme given in (ll), except that now the integration in time is done along the characteristics. This completely avoids having to invert a nonlinear matrix; however, there is a price to be paid for simplicity and this price comes in the form of inefficiency due to the smaller time step required to maintain stability. In the next section, we explore another type of Lagrange-Galerkin method that circumvents this problem.
WEAK LAGRANGE-GALERKIN METHOD
Spatial Discretization
The weak form of (2) is J [ cl liigand using the calculus identities
The first bracketed term of (16), using Reynold's transport theorem, can be written as and the second bracketed term is actually the characteristic equation
where dx dt is used to predict the particle trajectories along which the basis functions vanish. The characteristic equation is equal to zero because we are constraining the basis functions to be constant along the particle trajectories. Therefore, in essence, the basis functions 'b are functions of }~oth space and time (see [15] for a more detailed discussion).
Substituting (17) and (18) into (16) yields the system
Note that the advection operator has disappeared from the equations; however, the correct imrticle trajectories are accounted for by the trajectory equation (13) . In addition, consider that the divergence of the velocity has also disappeared or rather has been absorbed by virtue of the Reynold's transport theorem.
Time Discretization
Integrating (19) in time by the 0 algorithm yields
which represents a two-time level scheme. In this paper, 0 = 1/2 is used because it yieh:ts a second-order accurate scheme and is unconditionally stable with respect to pure advection. The trajectory equation (13) is required for closure. The accurate solution of the trajectory equation is perhaps the most important part of Lagrangian methods. Once again, we solve this equation using the Runge-Kutta trajectory calculation scheme described in one of our previous papers [15] .
Element Equations
Returning to (20) and substituting in the conservation variables from (3) gives
which are the equations to be solved within each element. Once again approximating the conservation variables within each element ft by the relation , which appears to he nonlinear. However, note that the mass equation (the first row) is completely decoupled from the momentum equations (second and third rows). Therefore, we can solve for the mass and then use the now known values of ~n+l in the momentum equations. Therefore, the terms P/~ and P/~ can now he moved to the right-hand side which then yields a linear but skewed symmetric matrix. The difference between the strong (15) and weak (21) methods is that the weak method does not contain the velocity divergence term. Note also that in the strong method all of the integrals occur within the domain (elements) at the time n + i. However, in the weak method the left-hand matrices occur at this new time but the right-hand side matrices are all integrated at the feet of the characteristics, namely at n. Because in the weak method, we are actually integrating the control volumes at the feet of the characteristics, this operation then takes the place of the velocity divergence; in other words, the integrals account for the dilation (expansion or contraction) of the fluid volume. This process is depicted in Figure I . In the strong method, as in any Eulerian scheme this has to be accomplished explicitly by including the divergence term. Therefore, it can be said that the weak method relies heavily on integration as opposed to the strong method, which relies more on interpolation of the values at the feet of the characteristics.
The news is not all good for the weak method, however. Because the resulting system is not symmetric we cannot utilize many of the best known solvers such as the conjugate gradient method. There are, however, variants of these methods that can be used such as the biconjugate gradient method. Because the system is quite sparse, direct methods are inefficient. For the moment, we are employing a simple Jacobi iteration method, although we are also currently exploring more sophisticated methods. 
SEARCHING ALGORITHMS
The crux of any Lagrangian scheme is the accurate calculation of the particle trajectories, in other words, the correct solution of the trajectory equation (13) . Once the correct trajectories are computed, it then remains to interpolate either the departure points (in the strong method) or the quadrature points (in the weak method). For structured or quasi-structured grids, ad hoc seacching algorithms can be constructed, but for unstructured or general grids quadtree algorithms are the best choice.
Note that the trajectory equation only gives us the departure point Xd and tells us nothing of where this point is located. Therefore, we need to devise some means of searching the elements of the grid to determine which element contains the departure point in order to then interpolate the variables (in this case ~o and u) at this point by virtue of that element's basis functions. Once we isolate the element claiming the departure point, we still need to determine its coordinates in terms of the computational space; this is essential because all of the spectral element basis functions are written in terms of the computational coordinates ({, rl) and not the physical coordinates (x, y). Equation (13) will only give the coordinates of the departure point in temps of the physical space. We can write the coordinates in physical space of the departure point using the basis functions in the form which only requires five iterations at most for convergence. Thus, if k+l _k+l~ (¢d ,"d j E [--1,1], then we can be sure that the departure point is contained within this element. Clearly, as p increases, the cost of our searches will increase by an order of p2. So instead of using the full polynomial of degree p, we use the vertices of the quadrilateral element(linear polynomial) to find the associated (~d, 774) for a given (Xd, Yd) . Upon obtaining the departure point in terms of the computationM space coordinates, the interpolation can then be obtained using the full pth-order basis functions of the element. The use of the linear basis functions to check whether (~d, ~d) is contained within an element has absolutely no impact on the accuracy of the scheme, while costing far less than using the full pth-order basis functions.
Because the Lagrange-Galerkin method requires the calculation of the departure points, the success of the method hinges on the rapidity of the searching algorithms. In this search, we need to determine in which elements the departure points lie. For general grids, the best strategy is to find the closest grid point to the departure point in question by virtue of a quadtree data structure. Let quad_tree[1 : ntree, 1 : 7] be an integer array which stores this quadtree. This array stores the following information:
• quad_tree[i, 1 -4] stores the four children of this quad, • quad_tree[i, 5] stores the position of this quad with respect to its parent, • quad_tree[i, 6] stores the location of its parent, and • quad_tree[i, 7] stores the number of points contained within this quad.
This defines a standard quadtree data structure; however, it is important to note that there is no need to use all of the points comprising the spectral element grid. In fact, we only need to use the vertices of each quadrilateral element (i.e., the four corner points) and we can omit the rest of the collocation points. This saves a lot of effort in the searching process. Upon finding this nearest neighbor (closest point), we then search through the list of elements which claim this point and check for inclusion using the iterative approach outlined in the previous section. There are usually no more than six elements claiming each point even for distorted unstructured grids, meaning that the iterative approach does not dominate the computational cost of the scheme. For highly distorted grids, however, the departure point may not necessarily lie within one of the elements claiming the nearest neighbor. In this case, during the sweep through the element list claiming the nearest neighbor, the minimum distance between the departure point and the element points is stored. If no inclusion is found, then the new nearest neighbor is used and the process is continued. Therefore, in the worst case scenario, only two nearest neighbor loops of the iterative approach are required. This can have adverse affects on the efficiency of the scheme if this case were to arise for many of the points being searched; for the grids used in this paper, this case did not arise at all.
NUMERICAL EXPERIMENTS
For the numerical experiments, the following terms are used in order to compare the perfbrmance of the schemes: the L2 error norm, The L2 error norm compares the root mean square percent error of the numerical and exact solutions, M measm'es the conservation property of the mass, and E measures the conservation of the total available energy. The ideal scheme should yield an L9 error norm of zero, and mass and energy moments of one. In addition, the following time-step ratio is used: At • '99) ( 
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This variable represents the time step ratio between the Lagrange-Galerkin spectral element methods and the maximum allowable time step for the Eulerian spectral element method with the leapfrog scheme given in (11).
8,1. Problem Statement
In the following sections, the two test cases used to measure the performance of the Lagrange-Galerkin spectral element methods are introduced. They are a solid body rotation with timeindependent velocity field and a westward traveling soliton wave.
Case 1: Solid body rotation
The initial condition for this test case is given by the Gaussian wave Results are given for one full revolution of the initial wave. The period for one revolution of the wave is 2~r which means that one revolution corresponds to t = 2r. For the p-type grid with Np = 60, the maximum allowable time step for the Eulerian spectral element leapfrog scheme is AtLF ----2r/1000. The p-type Np = 60 grid is comprised of a 10 by 10 element grid with each element having sixth-order polynomials. (See the results for a discussion on the h-and p-type spectral element methods.)
Case 2: Rossby soliton waves
This problem describes a pair of equatorially trapped Rossby soliton waves [19, 20] . The pair of soliton waves start off in the center of the domain. They then begin to move westward together along the equator and should continue to move in this direction without changing shape and without moving either closer together or farther apart. The exact solution is given by
where the superscripts (0) and (1) denote the zeroth-and first-order asymptotic solutions of the shallow water equations, respectively. They are given by Nr, = 64 the maximum allowable time step for the Eulerian spectral element method with the leapfrog scheme is AtLF = 1/20. The p-type Np = 64 grid is comprised of a 16 by 8 element grid with each element having fourth-order polynomials. Figures 2 and 3 show the grid and ~ contours for h-and p-type Lagrange-Galerkin spectral element methods for Case 2. The thicker lines of the grids denote the elements while the f~tint('~ lines denote the high-order collocation points. In the h-type method, the order of the b~tsis functions is kept low such as p = 1 while the number of spectral elements is increased in ¢)rdet to refine the grid. In the p-type method, on the other hand, the number of spectral elements is held constant while the order of the basis functions is increased. It has been shown previously that Ibr smooth solutions the p-type method exhibits better convergence over the h-type method. In fact, the order of convergence for the p-type method is exponential while that for the h-type method is only algebraic. However, since we cannot always guarantee that the solution wil!. b(~ smooth, using a combination of both the h-and p-type methods is optimal. Figure 4 shows the results for both the strong and weak methods using the h-type method. In this figure, Np denotes the total number of grid points in each direction (horizontal and vertical) while c~ = 1 unless otherwise stated. Figure 4 shows that the weak method performs better as Nt) increases. Figure 5 plots the results for both methods but now using the p-type method. In this case, the weak method performs better until about Np = 70 corresponding to p = 7. A~er this point, the strong method performs better than the weak method. Figures 6 and 7 compare the h-and p-type methods for the strong and weak methods, respectively. Figure 6 shows that there is a much larger gap in the accuracy between the h-and p-~;ype methods for the strong method than for the weak method.
Results
Case 1: Solid body rotation
In summary, both methods perform far better when using the p-type method over the h-l:ype method, the reason being that this case represents a smooth flow and for this type of flow the p-type method converges exponentially. This would also be the case for an Eulerian spectral element method; however, the Lagrange-Galerkin methods converge faster than the Eulerian methods (see [3] ). While the weak method can obtain fair results with the h-type method, the strong method cannot. Since the strong method relies on interpolation, it cannot give good results with the h-type method, because this implies using linear interpolation functions. Therefore, the strong method is much more sensitive to the order of the interpolation functions than the weak method. Figure 8 shows the results for both the strong and weak methods using an h-type method. In this figure, Np denotes the total number of horizontal grid points in the grid. In all cases, the number of vertical grid points is Np/2 and a = 1 unless otherwise stated. Figure 8 shows that the weak method performs better than the strong method as Np increases. Figure 9 plots the results for both methods, but now using the p-type method. This figure shows that the strong and weak methods give very similar results. It is in fact not surprising since the strong method relies heavily on interpolation and so as the interpolation functions (basis functions) increase in order, then so will the accuracy of the method, whereas the weak method does not benefit as much from an increase in p. To further stress the point, let us look at Figures 10 and 11 . These figures compare the h-versus p-type methods for the strong and weak methods, respectively. Figure 10 shows that there is a much larger gap in the accuracy between the h-and p-type methods for the strong method. Clearly, this gap is not as large for the weak method as is illustrated in Figure 11 .
Case 2: Rossby soliton waves
From these figures we can surmise that when using the h-type form, the weak method is superior to the strong method and when using the p-type form both methods are more or less equivalent. This parity in accuracy is not only true for the L2 norm but also for the two conservation measures M and E. In fact, these two measures were conserved exactly. So the question remains: are there any advantages of one scheme over the other? Recall that the strong method had to be solved by an explicit time integration scheme (the leapfrog method) in order to avoid having to invert a nonsymmetric nonlinear matrix. Although explicit schemes are simpler than implicit ones, there is always a price associated with explicit schemes and it usually comes in the form of inefficiency and/or inaccuracies. The inefficiency in this case arises due to the more stringent CFL condition governing explicit schemes, meaning that smaller time steps must be used with these methods. For example, consider that all of the numerical experiments shown above were run with the time step ratio a --1. While this is not the maximum time step for the weak method, it is the maximum for the strong method. However, the time step for the strong method can be increased if we used the ~ algorithm instead of the leapfrog scheme. The point of this study was to compare the strong and weak methods and then discuss their strengths and weaknesses without necessarily determining which one is better. Both methods are impressive in their own right, but if simplicity of coding is the primary concern then the strong method should be used. This method, however, will not be as efficient as the weak method because the strong method requires the solution of a nonlinear coupled system. This apparent disadvantage can be turned into an advantage by using a semi-implicit scheme [8] , thereby substituting the u and v momentum equations into the mass equation. In essence, we then only need to solve one equation (a Helmholtz equation), albeit a nonlinear one. Clearly, this strategy will not work with the weak method because the mass completely decouples from the momentum. These are issues that need to be further explored. We are currently exploring these issues for the shallow water equations on the sphere. These new schemes are being built directly onto our current Eulerian spectral element model on the sphere [21] with our final goal being the development of a new atmospheric model for numerical weather prediction.
Time step study
Many in the meteorology community have argued that the semi-Lagrangian (i.e., strong Lagrange-Galerkin) method can only be run using time steps a few times higher than Eulerian methods [8, 22, 23] ; these time steps are usually three to six times larger than those permitted by Eulerian schemes. However, this result was based on the low-order interpolations and particle trajectory approximations used. Typically third-order interpolations and only second-order trajectory approximations have been used for these methods. A recent paper by Falcone and Ferretti [24] has shown that the error for the semi-Lagrangian method is of the order
where k and p represent the order of the trajectory approximation and the order of the interpolation functions, respectively. In other words, for the trajectory equation (13), k represents the order of accuracy of the numerical scheme used to solve this equation while p represents the order of the interpolation functions used to compute the variables at the feet of the characteristics (i.e., departure points). Researchers had previously investigated high k but with low p, thereby allowing the second term in (23) to dominate. Thus, many erroneously assumed that low order k was sufficient; specifically k = 2 has been used by almost all semi-Lagrangian algorithms, in this section, we present a time step study for the strong and weak Lagrange-Galerkin spectral element methods to see how they behave when we increase k, p, and At. presented herein, the order k represents a kth-order Runge-Kutta method for the trajectory equation (see [15] for details on this scheme). In Figure 12 , we see that the h-type strong Lagrange-Galerkin method does not benefit very much from an increase in k; note that the k = ,1 and k = 8 curves are directly on top of each other, thus, illustrating that increasing k beyond ,1 has no effect on the accuracy. Since in the h-type method p = 1, then obviously the second term in (23) will dominate regardless of the order of k. In contrast we see in Figure 13 that the p-type method clearly benefits from using a high-order k. At about a = 2 the k = 4 and k = 8 schemes diverge from the k = 2 scheme which begins to lose accuracy. The k = 4 and k = 8 schemes give equivalent results until about a = 11 at which point the k = 4 error begins to increase while the k = 8 error remains level. Because the order of p is sufficiently high, all of the error is dominated by the first term in (23) . Since p = 6 is greater than k = 4, at some time step the At k term will dominate. Thus, by using the k = 8 scheme we can delay the onset of this error increase. In tact. for the k = 8 scheme the error will eventually arise through the second term (because k > p). Clearly, our results show that the strong Lagrange-Galerkin method is governed by the theory presented in [24] . A recent paper by Xiu and Karniadakis [25] shows very detailed results illustrating this phenomenon of the strong method for the advection-diffusion and Navier-Stokes equations. However, the question that we would like to address in our paper is whether the weak method behaves similarly to the strong method. Figure 14 shows that the k = 4 scheme for the weak method is sufficient to yield the maximum accuracy; the k = 8 scheme offers no additional accuracy which we can see from the figure where the k = 4 and k = 8 curves are directly on top of each other. The k = 4 and k = 8 schemes diverge from the k = 2 scheme at around a -= 5. However, the general trend of all three k schemes is an increasing error with time step. Figure 15 again shows the same kind of behavior for the p-type method although the method yields much more accurate results than the h-type method; the difference is almost two orders of magnitude. However, as we increase the time step both the h-and p-type methods lose their accuracy ra,~her quickly. As in the strong method, the weak method benefits greatly from having a scheme greater than second order (k = 2). Therefore, it can be concluded that if a second-order scheme is used for the trajectory equation of either the Lagrange-Galerkin or semi-Lagrangian methods, then we will not, extract the maximum level of accuracy from these schemes. The maximum accuracy can only be obtained with k >_ 4. In fact, we can obtain the optimal time step for a given Ax in closed form. From (23), we can show [26] that the optimal time step occurs when the trajectory 
From this equation we can see that for a given Ax we can only use a very large time step if and only if k > p. The h-type form of the weak Lagrange-Galerkin method can actually be shown to be equivalent to the strong form with p = 3 [13] so that it makes sense to use k = 4 when using this scheme. This time step study has shown that the weak method in either the h-or p-type forms does not benefit from using a high-order k (greater than 4) trajectory integration scheme. Clearly, it is better to use k > 2 (at least 4) but the error does not remain level for increasing time step as in the strong method. Based on this result alone it can be concluded that the strong method is the better candidate for use with the spectral element method.
CONCLUSIONS
Two Lagrange-Galerkin spectral element methods for the two-dimensional shallow water equations are compared. These methods are the strong and weak forms of the Lagrange-Galerkin method. The spectral element method presented is a high-order finite-element method that uses Legendre cardinal functions as its basis functions. The strong Lagrange-Galerkin spectral element method has been shown by the author [3] to achieve spectral (exponential) convergence as the order of the Legendre cardinal functions p is increased. In addition, the papers [24, 25] have shown that this method with high-order p can use extremely large time steps (Courant numbers greater than 20) without losing accuracy as long as a sufficiently large k is used for the trajectory equation. Our results have confirmed this; in fact, we were able to use time steps 40 times larger than the explicit Eulerian scheme without any loss in accuracy (see Figure 13 for k = 8). The strong Lagrange-Galerkin method achieves its order of accuracy from the order of interpolation and so its accuracy increases with p, whereas, since the weak method achieves its accuracy from the order of integration, this method does not benefit as much from a high-order p. Both methods gave very good results, so it is very difficult to ascertain which of these two methods will work best with the spectral element method. For pure advection, the weak method performed better than the strong method for p _< 7; for p > 7, the strong method prevailed. For the soliton test case, both methods yielded more.or less similar results. However, because efficiency is one of the major goals of all numerical models, it appears that the strong method is the better candidate for use with the spectral element method since the error does not increase with increasing time step provided that a sufficiently large k is used for the trajectory equation. However, for problems that have a physical limitation on the maximum allowable time step, the choice of methods is then governed by what order p one can use. For lower-order p the weak method seems to be superior but for high-order p (greater than or equal to 8) the strong method is superior. Numerical weather prediction models are a good example of problems that contain physical limitations. Ideally, one would like to use a larger time step than allowed by Eulerian schemes, but the time step cannot be so large that it exceeds the time scales of some physically limiting processes such as cloud and thunderstorm formations. These phenomena are confined to time scales on the order of minutes to an hour [27] . Thus, one cannot use time steps in the scale of days when considering these processes unless of course we are only interested in performing climate studies in the time frame of thousands of years.
Currently, we are testing both the strong and weak Lagrange-Galerkin spectral element methods for the shallow water equations on the sphere. The true test of the strong and weak Lagrange-Galerkin spectral element methods is how they will perform for the shallow water equations on the sphere. We hope to decide at this point which method will be selected for the development of a 3D atmospheric model for numerical weather prediction.
